We show how to invert the multiplication-by-2 map in Jacobians of genus 2 curves C over finite fields F q of odd characteristic. For any divisor D 2 JacðCÞðF q Þ we provide a method to construct the coordinates of all divisors D 0 2 JacðCÞðF q Þ such that 2D 0 ¼ D.
1. Introduction. Let C be a genus two curve over a finite field F q of odd characteristic, given by a model
where fðxÞ ¼ x 5 þ f 4 x 4 þ f 3 x 3 þ f 2 x 2 þ f 1 x þ f 0 2 F q ½x has no double roots. If q is different from a power of 5, f 4 can be made 0 after a translation of x. In the following we assume f 4 ¼ 0 everywhere except in section 5. The curves with a model like (1) have one (Weierstraß) point P 1 at infinity, and the roots of fðxÞ are the x-coordinates of the affine Weierstraß points of C.
The algorithms we present here work in the group of F q -points of the Jacobian JacðCÞ, in terms of the usual Mumford coordinates ðuðxÞ; vðxÞÞ of weight one divisors ðuðxÞ ¼ x À x 1 , vðxÞ ¼ y 1 Þ and weight two divisors ðuðxÞ ¼ x 2 þ u 1 x þ u 0 , vðxÞ ¼ v 1 x þ v 0 Þ ( [4] , page 307). Our aim in this paper is to efficiently construct We build on the ideas in [6] , where a search for a linear polynomial k 1 x þ k 0 2 F q ½x involved in the reduction part of the addition law, was successful to determine 1 2 D 2 for genus 2 curves over finite fields of even characteristic.
We expect our method to be of some significance for point counting techniques in genus 2, as the results we present here should help to find quickly the 2-power of the cardinal #JacðCÞðF q Þ, much as in the even characteristic case was done in [7] . Ours is a much specific approach to the 2-part of the cardinal only, but we expect that the natural adaptation of [7] to odd characteristic allows to compute the 2-part faster than the current algorithms (see [5] ).
The structure of the rest of the paper is as follows: In section 2 we recall the role of the 2-torsion subgroup of JacðCÞðF q Þ½2 in this problem, then we set a classification of the rank of the 2-torsion subgroup in terms of the factorization of fðxÞ, and finally we find 1 2 D 2 for some easy cases. In section 3 we provide a constructive method to find 1 2 D 2 for any given D 2 2 JacðCÞðF q Þ in terms of the roots of certain polynomials p w 1 ðxÞ; p w 2 ðxÞ of degree 16. In section 4 we describe the factorization of p w 1 ðxÞ; p w 2 ðxÞ in terms of the galois structure of the 2-torsion subgroup JacðCÞðF q Þ½2, in the same spirit as in the genus 1 paper [8] , where the factorization of the '-division polynomials was given. In the final section 5 we show some examples.
2. Two torsion. Since our base field's characteristic is odd, the 2-torsion subgroup JacðCÞðF q Þ½2 is either trivial, or isomorphic to ðZ=2ZÞ r , r ¼ 1; 2; 3; 4. In this section first we recall how the factorization of fðxÞ as a polynomial in F q ½x determines the rank of JacðCÞðF q Þ½2. The Weierstraß F q -points W of C are fixed under the hyperelliptic involution : ðx; yÞ 7 ! ðx; ÀyÞ. Hence 2W is the divisor of zeros of the function x À xðW Þ, and the degree zero divisor 2W À 2P 1 is therefore identified with the neutral doi: 10.3792/pjaa.85.55 #2009 The Japan Academy 2000 Mathematics Subject Classification. Primary 11G20, 14H40, 14H45.
ÃÞ element in JacðCÞðF q Þ. Therefore all weight one divisors with an affine F q -rational Weierstraß point in the finite support have order 2, and they generate the F q -rational 2-torsion subgroup JacðCÞðF q Þ½2. Analogously, any irreducible quadratic factor of fðxÞ provides the first coordinate uðxÞ of a divisor in JacðCÞðF q Þ½2. Proposition 1. The rank of JacðCÞðF q Þ½2 depends on the F q -factorization of fðxÞ as follows:
factorization types of fðxÞ 2-rank ½1; 4, ½2; 3 1 ½1; 1; 3, ½1; 2; 2 2 ½1; 1; 1; 2 3 ½1; 1; 1; 1; 1 4
Proof. Let m be the number of irreducibles of degree 1 or 2 in the prime decomposition of fðxÞ in F q ½x. Since the product of all the factors of fðxÞ provides the divisor of zeros of a principal divisor, if m ¼ 0; 1; 2 then the rank of JacðCÞðF q Þ½2 is clearly 0, 1 or 2 respectively, and if m ! 3, then the rank of JacðCÞðF q Þ½2 is equal to m À 1. Ã Remark 1. From now on we write all divisors in JacðCÞðF q Þ½2 as W . Since 2W is principal for all W 2 JacðCÞðF q Þ½2, it follows that
We show 1 2 D 2 in an easy example first. Take ðx 0 ; y 0 Þ 2 CðF q Þ with y 0 6 ¼ 0 and consider the particular case of a divisor whose first Mumford coordinate is a square uðxÞ ¼ ðx À x 0 Þ 2 . From any such point on CðF q Þ, working out the second Mumford coordinate vðxÞ in JacðCÞðF q Þ one obtains the weight two divisor
One checks that the weight one divisor
With the coordinates of one element in 1 2 D 2 , the rest are easily determined adding the 2-torsion divisors. In particular, one easily sees that for every root w of fðxÞ in F q , the set For divisors D 2 with a nonsquare first coordinate, things are not as simple, since one does not have easy preimages D 1 at hand. Our goal in this paper is to provide a method to find 1 2 D for a generic D 2 JacðCÞðF q Þ-one whose first coordinate is not a square. In Proposition 2 below, we show that for our purpose it is enough to determine the first coordinates of the elements in
with equal first coordinate. Proof. We write P for the image under the hyperelliptic involution of any point P of the curve. For any given divisor D ¼ P þ Q À 2P 1 there are at most 4 divisors in JacðCÞðF q Þ with the same first coordinate uðxÞ, namely In the reversing of the reduction part of Cantor's algorithms, we use a linear polynomial kðxÞ ¼ k 1 x þ k 0 to find a representative of the class Àv 2 ðxÞ mod u 2 ðxÞ of degree greater than 1. We summarize the steps of our method below:
1. u In the next paragraphs we follow this sketch, and we obtain a pair of bivariate polynomials that our wanted k 0 , k 1 have to satisfy in case D 1 exists. Then, instead of working with two bivariate polynomials, we turn them into a single univariate polynomial (of degree 16) in k 1 . We show the computations explicitly when the input divisor D 2 has weight 2, the analogous applies in weight 1.
From the final reduction step in the duplication algorithm, using kðxÞ
It follows that
must be equal to
Equating u 11 and u 10 from the degree 3 and 2 terms respectively one obtains the coefficients
and after substituting the values of u 11 and u 10 above into the degree 1 and 0 monomials, we find the multivariate polynomials 
Remark 2. Since u 2 ðxÞ is not a square, p w 2 ðxÞ has 16 roots in F q , none of which is 0.
Remark 3. The values of k 1 for which p 1 ðx; k 1 Þ and p 2 ðx; k 1 Þ are proportional are roots of the degree 8 polynomial Proof. Since u 2 ðxÞ is not a square, k 1 ¼ 0 is not a root of p w 2 ðxÞ because the independent term is nonzero. The formulas for u 11 ; u 10 follow from the construction of p w 2 ðxÞ. By definition, if k 1 is a root of p w 2 ðxÞ then the quadratic polynomials p 1 ðx; k 1 Þ and p 2 ðx; k 1 Þ share at least one root. If the root k 1 satisfies also ðk 1 Þ ¼ 0, then p 1 ðx; k 1 Þ and p 2 ðx; k 1 Þ are the same quadratic polynomial, and with the two roots of it one obtains 2 divisors in Proof. For every root k 1 of p w 2 ðxÞ, there are at most 2 values k 0 which are roots of p 1 ðx; k 1 Þ and p 2 ðx; k 1 Þ at the same time. The number of shared roots to be 2 implies that k 1 is a root of p w 2 ðxÞ of multiplicity m > 1. Since k 1 counts for at most 2 different divisors and (over F q ) the cardinal of We fix a natural set of basis in JacðCÞðF q Þ½2 (one for every factorization type of fðxÞ), w.r.t. which the Frobenius action is represented as follows: 
and the only 6-element orbit is 
From this, the only F q -orbit of order 2 containing D 1 is obtained with
and the only possibilities for orbits of order 3 containing D 1 arise if D 1 under Frobenius is one of
The remaining D order 12
With these, the remaining factors of p w 1 ðxÞ; p w 2 ðxÞ follow at once. The full factor structure is ½1; 1; 2; 3; 3; 6 when D 1 belongs to an orbit of order 1, 2, 3, 6 and ½4; 12 otherwise.
